The spin-flip approach has been applied to calculate vertical and adiabatic energy separations between low-lying singlet and triplet states in diradicals. The spin-flip model describes both closedand open-shell singlet and ͑low-spin͒ triplet states within a single reference formalism as spin-flipping, e.g., ␣→␤, excitations from a high-spin triplet (M s ϭ1) reference state. Since both dynamical and nondynamical correlation effects are much smaller for the high-spin triplet states than for the corresponding singlet states, the spin-flip models yield systematically more accurate results than their traditional ͑non-spin-flip͒ counterparts. For all the diradicals studied in this work, the spin-flip variant of the coupled-cluster model with double excitations yields energy separations which are within less than 3 kcal/mol of the experimental or the highly accurate multireference values. In most cases the errors are about 1 kcal/mol.
I. INTRODUCTION
Following Salem, 1 we can define diradicals as molecules with two electrons occupying two ͑near͒-degenerate molecular orbitals. More loosely, Salem considers molecules with a broken bond as diradicals. Since chemical reactions involve bond breaking, diradicals as reaction intermediates or transition states are essential in interpreting mechanisms. [2] [3] [4] [5] Figure 1 shows the six Slater determinants which can be generated by distributing two electrons in two molecular or-Here i j is a shorthand notation for the i (1) j (2), and ␣␤ stands for the ␣(1)␤(2). As dictated by the Pauli principle, the spatial parts of singlets are symmetric with respect to the interchange of two electrons, whereas the spatial parts of triplets are antisymmetric.
Much insight concerning the properties of diradicals has been derived from a simple analysis of these wave functions and their interactions. 1, 3, 4 For example, all two-electron triplet states are purely covalent, regardless of the nature of 1 and 2 . This is consistent with the Pauli principle which does not allow two electrons with the same spin to coexist in the same volume of space, as required in ionic ͑or zwitterionic͒ configurations. When the orbitals 1 and 2 are nonbonding ͑heterosymmetric diradical, 1 e.g., the two p orbitals in methylene͒, the singlet ⌿ 3 s is also covalent, whereas ⌿ 1 s and ⌿ 2 s are purely ionic wave functions. However, when the orbitals 1 and 2 constitute a bonding-antibonding pair ͑homosymmetric diradical, 1 e.g., and * in twisted ethylene͒, the singlet ⌿ 3 s state becomes purely ionic, while ⌿ 1 s and ⌿ 2 s can vary from purely ionic to purely covalent configurations. 6 From a methodological point of view, however, it is important that all three singlet wave functions are of twodeterminant form. When 1 and 2 are exactly degenerate, each singlet wave function consists of two equally important configurations. Therefore, the Hartree-Fock wave function, i.e., the single Slater determinant, is a qualitatively incorrect approximation for ⌿ 1Ϫ3 s and ⌿ 1 t . Only a multiconfigurational model which treats the important determinants on an equal footing, such as multiconfigurational self-consistent field ͑MCSCF͒, 7, 8 provides an appropriate zero-order wave function for a diradical. To achieve quantitative accuracy, an appropriate zero-order wave function should be augmented by dynamical correlation, e.g., by configuration interaction ͑MRCI͒ or perturbation theory ͑MRPT͒. Multireference CI with single and double excitations ͑MR-CISD͒, 9 also known as second order CI ͑SOCI͒, complete active space SCF with second-order perturbation corrections ͑CASPT2͒, 10, 11 or multiconfigurational quasidegenerate perturbation theory ͑MCQDPT2͒ 12 are the most commonly used methods of this type ͑see Ref. 13 for a comprehensive review of multireference methods͒. Recently, variants of multireference coupledcluster ͑MRCC͒ and equation-of-motion coupled-cluster ͑EOM-CC͒ models targeting diradicals have been introduced by Nooijen and co-worker. 14, 15 The inclusion of dynamical correlation is crucial for a correct quantitative ͑and sometimes even qualitative͒ description of the electronic structure of diradicals. 16 -19 Besides the well-known tendency of bare MCSCF wave functions to overestimate bond lengths and underestimate frequencies, the stationary points of the potential energy surface ͑PES͒ corresponding to diradicals can disappear at a higher level of theory. 19 Moreover, the balanced description of nondynamical and dynamical correlations requires active spaces much larger than the simple two-orbital one. 20 To summarize, the theoretical description of singlet diradicals ͓Eqs. ͑1͒-͑3͔͒ is difficult due to their multireference character. The triplet diradical wave functions, however, are much simpler. While the M s ϭ0 triplet wave function ͑4͒ is also two-configurational, the corresponding high-spin components ͑5͒ and ͑6͒ are of single-determinant form. Therefore, these states can be described by any singlereference method, the accuracy being systematically improved as one proceeds from the Hartree-Fock model towards correlated approaches. With respect to the high-spin ͓Eqs. ͑5͒ and ͑6͔͒ triplet states, all singlet states ͓Eqs. ͑1͒-͑3͔͒ as well as the M s ϭ0 component of the triplet ͓Eq. ͑4͔͒ are formally single-electron excitations involving spin-flip. Thus, they can be described by the appropriate singlereference based excited state theory, e.g., by configuration interaction singles ͑CIS͒, [21] [22] [23] perturbatively corrected CIS, CIS͑D͒, 24 or EOM-CC models, e.g., EOM-CC with singles and doubles ͑EOM-CCSD͒ 25, 26 or EOM optimized-orbital coupled-cluster doubles ͑EOM-OO-CCD or simply EOM-OD͒. 27 This is the essence of the spin-flip ͑SF͒ approach. 28 28 -30 By employing theoretical models of increasing complexity for the reference wave function, the description of the final states can be systematically improved. Thus, the SF method represents a robust tool for studying diradicals. It has been shown that the SF models describe the equilibrium properties of all three diradical states ͑1͒-͑3͒ with an accuracy comparable to that of traditional methods when applied to well behaved molecules. 29 The primary goal of this paper is to investigate the accuracy of the SF models for evaluating energy differences, e.g., singlet-triplet ͑ST͒ gaps in diradicals.
Since the diradical states ͑1͒-͑4͒ differ in their character ͑i.e., triplets are covalent while singlets may vary from purely covalent to purely ionic͒, it is not surprising that their chemical properties are also considerably different. 31 The small energy separation between these states makes them easily accessible in experiments, thereby allowing us to finetune the chemical properties of diradicals. 32 Determining the energy separation between triplet and low-lying singlet states of diradicals is the first step in understanding their chemical properties.
Most of the previously reported calculations of ST gaps have used MRCI or MRPT methods. [17] [18] [19] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] Due to the difficulties inherent in multireference techniques, the capability of highly correlated single reference models to describe some of the diradical states has raised a considerable enthusiasm: Schreiner and co-workers have reported applications 52, 53 of Brueckner CCD 54 with perturbative account of the triples, B-CCD͑T͒ method 55 ͑spin-symmetry broken solutions have been employed to describe ⌿ 3 s , while ⌿ 1 s has been modeled within a spin-restricted formalism͒. Moreover, a number of attempts have been made to generalize density functional theory ͑DFT͒ to treat multireference situations. 56 -58 The structure of the paper is as follows: The next section outlines the SF approach and computational details, Sec. III presents numerical examples for ST energy gaps in selected diradicals, and Sec. IV gives our concluding remarks.
II. THEORETICAL METHOD AND COMPUTATIONAL DETAILS

A. Theory
In traditional ͑non-SF͒ single-reference based excitedstate models, the excited state wave functions are parametrized as follows:
where
s is a closed-shell reference wave function, and the operator R is an excitation operator truncated at a certain level of excitation ͑which should be consistent with the theoretical model employed to describe the reference ⌿ s ͒. Note that only excitation operators which do not change the total number of ␣ and ␤ electrons, i.e., M s ϭ0, need to be considered in Eq. ͑7͒.
When the closed-shell reference ⌿ s is well described by a single-reference wave function, the excited singlet and triplet states ͓including open-shell configurations, such as Eqs. ͑3͒ and ͑4͔͒ are also well described by Eq. ͑7͒. However, the quality of the excited states ⌿ s,t deteriorates when a singlereference description of ⌿ s becomes inappropriate, as in the case of diradicals whose singlet states are twoconfigurational wave functions of type ͑1͒.
To overvcome this problem, the SF model employs a high-spin triplet reference state which is accurately described FIG. 1. Slater determinants which can be generated by distributing two electrons in two molecular orbitals. The projection of the total spin, M s , is shown. Determinants ͑a͒-͑d͒ have M s ϭ0. Determinants ͑a͒ and ͑b͒ are also eigenfunctions of the Ŝ 2 operator with expectation value zero ͑singlet͒. Note that these determinants always belong to the fully symmetric irreducible representation as they are of the closed-shell type. Therefore, they both can be present in fully symmetric singlet diradical's wave functions, i.e., Eqs.
͑1͒ and ͑2͒. ͗Ŝ 2 ͘ for the determinants ͑c͒ and ͑d͒ equals one. Their linear combinations are eigenfunctions of Ŝ 2 : ͑c͒-͑d͒ yields a singlet wave function ͓Eq. ͑3͔͒, whereas (c)ϩ(d) yields the M s ϭ0 component of a triplet ͓Eq. ͑4͔͒. Determinants ͑e͒ and ͑f͒ are high-spin M s ϭϮ1 components of the triplet state ͓Eqs. ͑5͒ and ͑6͒, respectively͔.
by a single-reference wave function. The target states, closed-and open-shell singlets and triplets, are described as spin-flipping excitations: states, respectively, and the operator R M s ϭϪ1 is an excitation operator that flips the spin of an electron. As can be seen from Fig. 1 , all the configurations used to describe diradical wave functions ͑1͒-͑4͒ are formally single excitations with respect to configuration ͑5͒. Therefore, the SF ansatz ͑8͒ is sufficiently flexible to describe both closed-shell and openshell diradical states in a balanced fashion, i.e., without overemphasizing the importance of one of the configurations.
Similarly to traditional excited state theories, the description of the final states can be systematically improved by employing theoretical models of increasing complexity for the reference wave function. For example, the simplest SF model employs a Hartree-Fock wave function, and the operator R is then truncated at single excitations ͑SF-CIS or SF-SCF͒. 28 SF-CIS can be further augmented by perturbative corrections ͓SF-CIS͑D͒ or SF-MP2͔. 29 A yet more accurate description can be achieved by describing the reference wave function by a coupled-cluster model, e.g., CCSD or OO-CCD. In this case, the excitation operator R consists of single and double excitation operators involving a flip of the spin of an electron. 28 The corresponding SF equations in spin-orbital form are identical to those of traditional excited state theories, i.e., CIS, CIS͑D͒, or EOM-OD; however, they are solved in a different subspace of determinants: non-SF theories consider only M s ϭ0 excitation operators, whereas SF operates in the M s ϭϪ1 subspace. The computational cost and scaling of SF models is identical to that of the corresponding non-SF excited state theories.
B. Computational details
Several considerations should be taken into account when calibrating electronic structure models. 59 A direct comparison to experiment is not always possible, in particular when short-lived transient species such as diradicals are concerned. For example, even for methylene, arguably the most studied diradical, the experimental data are very scarce for states other than the ground triplet and the lowest singlet states. Moreover, often it is not the vertical but the adiabatic (T e ) excitation energies which are reported. The dependence of T e on equilibrium geometries of both states introduces additional uncertainties ͑vertical excitation energies are more useful for benchmark purposes, because they are calculated at the ground state equilibrium geometry͒. In addition, most of the experimentally measured energy separations are between the lowest vibrational states (T 00 ) and thus include changes in zero-point energies ͑ZPE͒. Lastly, it is important to separate the method from one-electron basis set effects. Unlike molecular geometries and frequencies, the convergence of energy differences with respect to the latter is rather slow. 59 That is why it is advantageous to benchmark a new theory against full configuration interaction ͑FCI͒ or other accurate models, e.g. MRCI or MRPT. In addition to addressing the basis set issue, this strategy enables the elimination of uncertainties due to equilibrium geometries and ZPEs.
With the above considerations in mind, we start our benchmark study by calculating singlet-triplet gaps in atoms, i.e., carbon, oxygen, and silicon. Since for atoms there is no uncertainty associated with equilibrium geometries and vibrational frequencies, the comparison with experiment is straightforward. Thus, these simple systems allow us to investigate the convergence of the SF models with respect to the one-particle basis set. We then proceed to a set of isovalent molecules with a varying diradical character, i.e., CH 2 , NH 2 ϩ , SiH 2 , and PH 2 ϩ . These diradicals are popular as benchmark systems, [33] [34] [35] [36] [37] [38] [39] 41, 60 because of their small size ͑but rich electronic structure͒, and the availability of experimental data. [61] [62] [63] [64] [65] [66] For these systems, we compare the performance of the SF models against a variety of single-and multireference methods, and investigate the convergence of different methods with respect to the one-particle basis set. Next we consider a set of diatomic molecules with a diradical singlet state ͑NH, NF, OH ϩ , and O 2 ͒ for which accurate experimental data are available. 67 After thorough investigation of the performance of the SF method for these semimodel systems, we proceed to two important prototype diradicals: the benzyne isomers and trimethylenemethane ͑TMM͒. These systems, which are important in organic and bio-organic chemistry, have attracted the attention of both experimentalists and theoreticians. 18,42-48,52,68 -72 In order to minimize uncertainties due to equilibrium structures, we follow a commonly used strategy: adiabatic energies are estimated by using the best available structures, the same geometries being used for all the benchmarked methods. The choice of structures is specific for each system, and is discussed in the corresponding sections. For TMM, we also report vertical excitation energies, which are more suitable for benchmarking because they do not depend on excited states geometries.
To investigate one-particle basis set effects, we complement the calculations in relatively large basis sets by estimating the complete basis set ͑CBS͒ limiting values. Several procedures are employed: ͑i͒ two-point extrapolation ͑CBS-2p͒, which is based on cc-pVTZ and cc-pVQZ energies; ͑ii͒ two three-point extrapolations based on cc-pVDZ, cc-pVTZ, and cc-pVQZ energies: CBS-3pa and CBS-3pb; ͑iii͒ an energy separability scheme where basis set effects for a highly correlated model are evaluated by performing calculations with a less computationally expensive method.
The two-point procedure ͑i͒ extrapolates the asymptotic values of the total energies in the CBS limit (E CBS ) as follows:
where X is the basis set cardinal number ͑i.e., Xϭ3 for the cc-pVTZ basis, Xϭ4 for the cc-pVQZ basis, etc.͒, E X is the corresponding total energy, 73 and A is a fitting parameter defined such that Eq. ͑9͒ is satisfied for two bases ͑e.g., for Xϭ3 and for Xϭ4͒.
The three-point extrapolation, CBS-3pa, employs the following formula for the asymptotic behavior of the total energy: 74, 75 E CBS ϭE X ϩB exp͑ϪCX͒. ͑10͒
The CBS-3pb three-point extrapolation suggested by Peterson and co-workers 76,77 is defined as:
In Eqs. ͑10͒ and ͑11͒, parameters B and C are defined such that the corresponding equations are satisfied for the three basis sets ͑e.g., Xϭ2, Xϭ3, and Xϭ4͒.
In addition, we have also used an extrapolation technique based on an energy separability scheme:
where E large and E small refer to the total energies calculated in large ͑e.g., cc-pVTZ͒ and small ͑e.g., 6-31G*͒ basis sets. This procedure assumes that changes in the total energy due to the basis set increase are similar for the less and more correlated models ͓e.g., MP2 and CCSD, or SF-CIS͑D͒ and SF-OD͔.
For all extrapolation procedures, the CBS values of singlet-triplet splittings are obtained by taking the differences between the extrapolated total energies of triplet and singlet states. Calculations are performed using two ab initio packages, Q-CHEM ͑Ref. 78͒ and PSI III, 79 to which our programs for SF-CIS, SF-CIS͑D͒, and SF-OD calculations are linked. Additional results are obtained using the ACES II ab initio program. 80 Multireference calculations are performed using the GAMESS electronic structure package. 81 Some basis sets are obtained from the EMSL database. 82 All electrons are active in our calculations unless stated otherwise.
III. RESULTS AND DISCUSSION
When benchmarking ab initio methods, two aspects should be addressed: ͑i͒ the relative performance of methods with similar computational scaling and cost; and ͑ii͒ the absolute performance, e.g., the accuracy of a given method as compared against more computationally expensive but more accurate models. With this in mind, we compare the performance of the SF methods with ͑i͒ the corresponding non-SF approaches whose computational cost and scaling are identical ͓e.g., SF-CIS vs CIS, SF-CIS͑D͒ versus CIS͑D͒, SF-OD versus EOM-OD or EOM-CCSD͔; and ͑ii͒ potentially more accurate methods which have higher computational cost ͓e.g., SF-OD vs CCSD͑T͒/B-CCD͑T͒, or versus MRPT/ MRCI͔. Our results demonstrate that the performance of the SF models is systematically better than that of non-SF methods. On an absolute scale, it is comparable to that of the more computationally expensive multi-reference models.
The errors in ST energy gaps calculated by SF and single-reference non-SF methods are systematic. For example, in systems with a triplet ground state, the energy splittings between the triplet and the closed-shell singlet are overestimated, whereas for systems whose ground state is a closed-shell singlet the corresponding energy gaps are underestimated. The errors in the SF are systematically smaller in both cases, with the differences between the SF and non-SF models getting smaller as more correlated wave functions are employed for the reference. These trends can be easily rationalized by considering the two electrons in two-orbital model described in Sec. I.
Consider first the most straightforward approach, in which the energy separation between the lowest singlet and the lowest triplet states is computed as a difference between the total energies of the corresponding states calculated by a ground state method. For a molecule with a significant diradical character, the closed-shell singlet state ⌿ 1 s is poorly described by a single-reference wave function which fails to treat determinants ͑a͒ and ͑b͒ from Fig. 1 on an equal footing. Therefore, the resulting total energy of this state is too high. In contrast, the high-spin triplet states ͑⌿ 2 t or ⌿ 3 t ͒ are better described by a single-reference method. That is why the triplet's total energy is too low relative to the singlet's, and the corresponding energy gap is too small for molecules with a singlet ground state, and too large for molecules with a triplet ground state. Sometimes even the ordering of states can be reversed. For example, Hartree-Fock calculations predict that the ground state of ozone is a triplet. The imbalance decreases as more correlated wave functions are employed ͑e.g., CCSD yields the correct multiplicity of the ground state; however, the energy gap is still grossly underestimated͒.
A more balanced description can be achieved by employing the corresponding excited state theory ͓see Eq. ͑7͔͒, e.g., CIS in case of a Hartree-Fock reference wave function. However, since traditional ͑i.e., non-SF͒ single-reference methods employ a ͑poorly described͒ closed-shell singlet wave function ⌿ 1 s as the reference in excited state calculations, the ST gaps are still underestimated ͑for molecules with a singlet ground state͒. An additional advantage of using excited state theory to calculate ST gaps ͑as opposed to a direct energy differences approach͒ is that it can also describe other singlet states, e.g., the open-shell singlet ⌿ 3 s and the second closed-shell singlet ⌿ 2 s . Note that a singlereference excited state theory will describe ⌿ 3 s and ⌿ 1 t in a more or less balanced fashion, since both states are formally single excitations from ⌿ 1 s . Thus, the energy difference between ⌿ 1 s and ⌿ 3 s will also be underestimated. The second closed-shell singlet, ⌿ 2 s , is formally a doubly excited state from the ⌿ 1 s reference. Therefore, it can only be described by methods that explicitly include double excitations ͑e.g., EOM-OD or EOM-CCSD͒. Moreover, the energy of this state will be too high relative to the singly excited states. To summarize, for a diradical with a triplet ground state ͑e.g., methylene͒, single-reference methods will ͑i͒ overestimate the ST energy separation between the triplet and the first closed-shell singlet; ͑ii͒ dramatically overestimate the energy gap between the triplet and the second closed-shell singlet; and ͑iii͒ underestimate the energy separation between the first closed-shell singlet and open-shell singlet, the relative ST gap between ⌿ 1 t and ⌿ 3 s being reproduced relatively well. When heavily correlated methods ͑e.g., EOM-OD͒ are employed, the description of all states is improved; however, the inherent imbalance in the non-SF single-reference wave functions would result in rather large errors in the relative energies.
The SF models use a triplet high-spin state, e.g., ⌿ 2 t , as a reference. Since this reference is accurately described by single-reference wave functions, and since all M s ϭ0 electronic configurations from ⌿ 1 -3 s and ⌿ 1 t are formally single electron excitations from ⌿ 2 t , all these states are described with similar accuracy. Thus, even though the ST gaps will still be overestimated ͑in a methylene-type diradical͒, the errors will be systematically smaller than these obtained in the corresponding non-SF methods.
A.
3 P-1 D energy gaps in carbon, oxygen, and silicon atoms
In atoms, there is no ambiguity due to geometries and ZPEs, and therefore the comparison between the calculated and experimental ST gaps is straightforward. In the following three examples, we compare the accuracy of the traditional excited state methods with that of the SF models. In order to elucidate basis set effects on the ST energy differences, we employ nine basis sets 83 and perform CBS extrapolations. 59,74 -77 For all three atoms, the ground state is a triplet 3 P state, and the lowest singlet is a 1 D state. Table I summarizes method. The difference between the SF-OD and the EOM-OD results is about 0.06 -0.09 eV, with the SF results being more accurate. The CIS͑D͒ and SF-CIS͑D͒ methods give similar values of ST gaps ͑in most basis sets, the differences are about 0.03 and 0.04 eV, less than 0.01 eV for oxygen, silicon, and carbon, respectively͒.
Figures 2͑a͒-2͑c͒ demonstrates that the accurate description of the ground triplet state and the first excited singlet state ͑and the energy difference between them͒ requires basis sets with extensive polarization ͑e.g., f functions are very important͒, while diffuse functions do not affect the quality of the description. In the case of the less correlated methods ͑CIS and SF-CIS͒, the basis set convergence is fast. For the more correlated EOM-OD and SF-OD methods, large basis sets are crucial for obtaining converged results. In the largest basis set used, cc-pVQZ, the SF-OD results are within 0.01 eV of the experimental values. The SF-CIS͑D͒ limiting values deviate from the experiment by no more than 0.04 eV ͑1 kcal/mol͒. For carbon and oxygen, we also estimate the CBS values of the ST energy differences by two-point and threepoint extrapolations ͑see Sec. II B͒. For oxygen, all the approximations give similar results: the CBS values of E ST for the SF-OD method are about 0.02 eV lower than the experimental value. However, the discrepancy between the different models is much larger in the case of carbon: while the CBS-2p and CBS-3pb values are reasonable, the CBS-3pa extrapolation fails. This is because our CBS-3pa procedure uses cc-pVDZ total energies which are apparently too far from the CBS limit, in order for the extrapolation formula ͑10͒ to be justified. Note that whereas the values of the ST gaps calculated in cc-pVDZ basis are reasonable, CBS-3pa which uses cc-pVDZ total energies, yields inconsistent results. The CBS-3pb extrapolation appears to be more robust: even though it also uses the cc-pVDZ total energies, it yields consistent results which agree well with the CBS-2p ones. As in the case for oxygen, the CBS-3pb extrapolated SF-OD value of E ST in carbon is 0.02 eV lower than the experimental value.
B. Methylene and other isovalent molecules
The electronic structure of the isovalent CH 2 , NH 2 ϩ , SiH 2 , and PH 2 ϩ molecules is qualitatively described in Fig.  1 . The orbitals 1 and 2 ͑see Fig. 1͒ are derived from a p-orbital and a s 1Ϫx p x -hybridized orbital of the heavy atom, respectively. Thus, in Salem classification, these species are heterosymmetric diradicals ͑except for the linear geometry͒. The symmetries of the ͑nearly͒ degenerate 1 and 2 are ͑i͒ 3a 1 and 1b 1 in CH 2 and NH 2 ϩ and ͑ii͒ 5a 1 and 2b 1 in SiH 2 and PH 2 ϩ . The energy gap between 1 and 2 gradually changes in these series. This tunable diradical character along with the small size of these species makes them very attractive model systems for both experimental [61] [62] [63] [64] [65] [66] and theoretical [33] [34] [35] [36] [37] [38] [39] 41, 60 studies. The ground state of methylene (CH 2 ) and the nitrenium ion (NH 2 ϩ ) is the triplet state X 3 B 1 whose electronic configuration is described by Eqs. ͑4͒-͑6͒:
The
The second excited singlet state is an open-shell singlet b 1 B 1 , i.e., ⌿ 3 s of Eq. ͑3͒, whose electronic configuration is similar to that of the triplet state of Eq. ͑13͒. The third excited state is a closed-shell singlet c 1 A 1 of ⌿ 2 s type ͓Eq. ͑2͔͒:
This state has the same symmetry as the lowest singlet and is formally a double excitation from the ã 1 A 1 state. At linear geometries, the 1 and 2 orbitals become exactly degenerate, and the coefficient reaches its minimum value of 1/&. In this case, the proper labels are c 1 ⌺ g ϩ for the second closed-shell singlet ͓Eq. ͑15͔͒, and 1 ⌬ g for the first closed-shell and the open-shell singlet states, which then become exactly degenerate. ͑For example, the equilibrium geometry of the second closed-shell singlet state of NH 2 ϩ is linear, and therefore the c 1 ⌺ g ϩ label is used.͒ As explained by the Walsh correlation diagrams, 84 SiH 2 and PH 2 ϩ favor a closed-shell ⌿ 1 s singlet as their ground state:
The first excited state in SiH 2 and PH 2 ϩ is the triplet ã 3 B 1 state, whose electronic configuration is:
The next state is an open-shell singlet Ã 1 B 1 , whose electronic configuration is similar to that of the ã 3 B 1 triplet from Eq. ͑18͒. Finally, the B 1 A 1 state has the following electronic configuration:
The systematic changes in the diradical character of these species, their ground state multiplicities, and equilibrium geometries can be rationalized by using the Walsh diagrams and Hund rules. By using hybridization theory, Walsh correlates the energy of the four valence orbitals with the H-X -H angle. The two bonding ( XH ) and two nonbonding ͑ 1 and 2 ͒ orbitals derive from the s and three p orbitals of the heavy atom. At linear geometry, the bonding orbitals are sp hybrids, whereas the nonbonding ones are the exactly degenerate nonhybridized p orbitals. Since the energy of the valence s orbital is lower than that of the p orbitals, the increased s character lowers the energy of a hybridized orbital. At 90°, the two XH orbitals are unhybridized p orbit-als, whereas the nonbonding orbitals 1 and 2 become the unhybridized s and p orbitals, respectively. In the diradicals' states discussed in this section, the XH orbitals are always doubly occupied and therefore can be excluded from further discussion. The ⌿ 1 s state is dominated by a configuration in which the two remaining electrons are placed on the 1 orbital, which is stabilized at small H-X -H angles. The openshell ⌿ 3 s and ⌿ 1Ϫ3 t states favor larger angles, since both 1 and 2 host one electron. Finally, the second closed-shell singlet in which 2 is doubly occupied favors the largest H-X -H angles ͑up to 180°, as in NH 2 ϩ ͒. In order to explain the changes in the diradical character, and the relative ordering of the first closed-shell singlet and lowest triplet states, the molecular geometries and charge distributions must be considered. As dictated by electronegativity considerations and covalent atomic radii, the X -H bond length increases in the following order: NH 2 ϩ →CH 2 →PH 2 ϩ →SiH 2 . The destabilization of small H-X -H angles decreases in the same order, because the repulsion between hydrogen atoms is larger for short bond lengths. At large angles, when 1 and 2 are almost degenerate, the Hund rule favors a triplet coupling, and this is why the ground state of NH 2 ϩ and CH 2 is a triplet. At small angles, when the energy gap between 1 and 2 is large, one-electron energetic considerations prevail, and a closed-shell singlet becomes the ground state ͑PH 2 ϩ and SiH 2 ͒. To summarize, the degeneracy between the nonbonding orbitals decreases in the above sequence, and therefore the diradical character increases in the reverse order: SiH 2 →PH 2 ϩ →CH 2 →NH 2 ϩ .
Calculations are performed using eight basis sets. 85 The geometries used to calculate adiabatic energy separations are summarized in Ref. 86.
CH 2
Since experimental geometries 61, 87, 88 are not available for all four diradical states of CH 2 , we calculate adiabatic excitation energies at the FCI/TZ2P optimized geometries. 60, 86 The SF models accurately describe the equilibrium properties of all these states, with the SF-OD geometries and frequencies being very close to those of FCI. 29 Table II compares the adiabatic ST energy gaps calcu- lated by the SF models and by CASSCF SOCI. 33 As explained above, the SF models systematically overestimate ⌬E ST , the errors being smallest for the X 3 B 1 -b 1 B 1 splittings. The absolute errors of the SF models against CASSCF SOCI are rather small: SF-CIS overestimates the adiabatic excitation energy for the b 1 B 1 state by 0.37 eV, and for both 1 A 1 states by 1.00 eV. As more correlated SF models are used, these errors become smaller: 0.10-0.25 eV for SF-CIS͑D͒, and 0.01-0.04 eV for SF-OD. Thus, for methylene the SF-OD results are within 1 kcal/mol of those of CASSCF SOCI. Figure 3 presents the calculated ⌬E X 3 B 1 -ã 1 A 1 as a function of the one-particle basis set. The convergence of the SF-CIS model is rather fast. However, for correlated wave functions very large bases are needed for the converged results. As Fig. 3 and Table II demonstrate, heavy polarization ͑e.g., three sets of d-functions and two sets of f -functions͒ is necessary for accurate results. On the other hand, diffuse functions, an increase in n-beyond TZ, and polarization beyond f -functions are less important. For example, the SF-OD results in the TZ3P(2 f ,2d) basis are within 0.02 eV of the SF-OD/cc-pVQZ values ͓cc-pVQZ basis has the same number of f -and d-functions as TZ3P(2 f ,2d), but it also contains one set of g-functions on carbon and one set of f -functions of hydrogen͔. The less extensive cc-pVTZ basis, which contains two sets of d-functions and one set of f -functions on carbon, yields results within 0.06 eV of our largest basis set, cc-pVQZ. We have also estimated the CBS limiting values of the ST gaps ͑see Sec. II B for details͒. As in the case of carbon ͑Sec. III A͒, the three-point extrapolation CBS-3pa breaks down for the X 3 B 1 -b 1 B 1 and the X 3 B 1 -c 1 A 1 transitions. The ⌬E ST estimated by the twopoint procedure CBS-2p are suspiciously low. The threepoint extrapolation CBS-3pb gives reasonable values for ⌬E ST for all transitions. Thus, the methylene results confirm the conclusions based on the results from Sec. II B: ͑i͒ the CBS extrapolation procedures should be used carefully in bases smaller than quintuple-quality; ͑ii͒ CBS-3pb ͓Eq. ͑11͔͒ is more robust than CBS-3pa ͓Eq. ͑10͔͒ when using the cc-pVDZ/cc-pVTZ/cc-pVQZ results.
The assessment of the accuracy of the SF models against the experiment is less straightforward. The SF-OD/cc-pVQZ results for the first and second singlet states deviate from the experimental values by 0.061 and 0.022 eV, respectively. The SF-CIS͑D͒/cc-pVQZ numbers are off by 0.15 and 0.10 eV. However, since the experimentally measured value is the energy separation between the zero-point vibrational levels, it includes changes in ZPEs. These changes, estimated by using CISD frequencies, 33 are about 0.017 and 0.005 eV for the Table III present results for the B-CCD and B-CCD͑T͒ models ͓the computational cost of B-CCD/B-CCD͑T͒ is similar to that of the CCSD/CCSD͑T͒ models͔. Following the approach of Schreiner and co-workers, 52 ,53 the triplet state energy is calculated by using the spin-unrestricted wave function, the closed-shell singlet's energy by using the spin-restricted wave function, and the energy of the open-shell singlet by using the spinunrestricted spin-contaminated wave function. As expected, the B-CCD/B-CCD͑T͒ results are almost identical to those of CCSD/CCSD͑T͒-both in terms of total energies and energy differences. Thus, for the ã 1 A 1 state the B-CCD/B-CCD͑T͒ errors against FCI are 0.063/0.022 eV, respectively. The excitation energy for the open-shell singlet state, however, is about 1 eV off. Moreover, by definition 89 this approach will almost always place the open-shell singlet below the closedshell one, thus reversing the states' ordering in methylene.
The next four rows in Table III present a more balanced approach than the direct energy difference one, that is, when the ST gaps are calculated by using single-reference excited state theories. Even though the closed-shell reference description of the lowest singlet state is not very accurate in methylene, the cancellation of errors results in improved values of the ST splittings. For example, the CIS value is closer to FCI by 0.25 eV than the value calculated by SCF energy differences. In the case of the correlated CCSD model, the improvement is less dramatic: 0.007 eV ͑thus, EOM-CCSD error equals 0.055 eV͒. More importantly, however, is that the excited state models can also describe the open-shell singlet state. Moreover, models which explicitly include double excitations ͑e.g., EOM-OD or EOM-CCSD͒ can even describe the second closed-shell singlet, even though such description is not very accurate ͑e.g., the EOM-OD values are more than 1 eV off͒.
By using the SF approach, the accuracy of singlereference theories is considerably improved. Moreover, all three singlet states can now be described with a similar accuracy. For example, the SF-CIS error for the lowest singlet is 0.11 eV smaller than that of the CIS. Moreover, the second closed-shell singlet, which is not accessible by the non-SF CIS, is now described with roughly the same accuracy as the other states. The SF-OD results are within 0.04 eV from the FCI ones for all three singlet states. As Fig. 3 demonstrates, this difference between the SF and non-SF models is systematic: regardless of the basis set used, all SF models are closer to the experimental value than the corresponding non-SF approaches.
NH 2
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Table IV presents the adiabatic energy separations between the ground triplet X 3 B 1 state and the three low-lying singlet states of NH 2 ϩ calculated in the TZ2P( f ,d) basis set at the CISD/TZ2P( f ,d) optimized geometries. 34, 86 The difference between SF-OD and CASSCF SOCI 34 does not exceed 0.04 eV. By including the ZPE corrections estimated by using CISD frequencies, 34 the SF-OD value for the X 3 B 1 -ã 1 A 1 transition is within 0.02 eV from the experimental result. 62 The SF-CIS͑D͒ error is also small and equals 0.08 eV. Table IV basis, 85 have been used. 35, 86 As in the previous cases, SF-OD agrees very well with CASSCF SOCI. 35 The difference is less than 0.01 eV for the
SiH 2
transitions, and 0.05 eV for the X 1 A 1 -B 1 A 1 one. The ZPE corrected 35 SF-OD value for the X 1 A 1 -ã 3 B 1 transition is within the experimental error. 63 The corresponding value for the X 1 A 1 -Ã 1 B 1 transition is within 0.07 eV from the experiment. 85 have been used to calculate the adiabatic excitation energies in PH 2 ϩ . Table IV compares the SF results against the CASSCF SOCI ones, 36 and the experiment. 64 As in the case of SiH 2 , there is excellent agreement between the SF-OD and CASSCF SOCI results, the largest difference being 0.04 eV for the X 1 A 1 -Ã 1 B 1 transition. The available experimental data are not very accurate. 64 However, they are in overall agreement with the theoretical values.
C. Diatomic molecules with a diradical singlet state
The set of diatomic molecules with a diradical singlet state ͑NH, NF, OH ϩ , and O 2 ͒ have been studied using the cc-pVTZ and cc-pVQZ bases. 90 The adiabatic 1 ⌬-3 ⌺ excitation energies are calculated by using experimental geometries. 67, 91 67, 91 Overall, the agreement between the SF models and the experiment is very good: the SF-OD/ccpVQZ results for NF and OH ϩ are within 0.01 eV from the experiment, whereas for NH and O 2 the deviation is about 0.05 and 0.08 eV. The SF-CIS͑D͒ numbers are within 0.04 eV from the SF-OD ones.
D. Benzyne
The ground state of the benzyne isomers is a closed-shell singlet state of ⌿ Figure 4 summarizes the equilibrium structures of benzyne isomers in their singlet and triplet states calculated by the SF-DFT method 92, 93 in the 6-311G* basis. 94 We have also employed SF-DFT to calculate ZPEs. Two pure angular momentum basis sets are used in this subsection: 6-31G*, 95 and a basis composed of the cc-pVTZ basis on carbon and the cc-pVDZ basis on hydrogen. Table VI shows the adiabatic energy splittings between the ground singlet state and the first excited triplet state of the benzyne isomers. With ZPE corrections, the SF-OD/6-31G* results for o-and m-benzyne are within 0.17 eV ͑4 kcal/mol͒ of the experiment, 72 and within 0.03 eV ͑0.7 kcal/mol͒ for p-benzyne. However, the corresponding ccpVTZ values estimated by the energy separability formula ͓Eq. ͑12͔͒ are within 0.03 eV ͑0.7 kcal/mol͒ of the experiment for all benzyne isomers. The SF-DFT results deviate from the experimental values by 0.22 eV ͑5 kcal/mol͒, 0.09 eV ͑2 kcal/mol͒, and 0.023 eV ͑0.5 kcal/mol͒ for o-, m-, and p-benzyne, respectively.
We have also calculated the vertical excitation energies for several low-lying states. Due to the extensive orbital degeneracy, the density of the excited states is rather high in benzynes. As a result, the open-shell singlet 1 B 2 / 1 B 1u ͓Eq. ͑3͔͒ and the second closed-shell singlet 1 A 1 / 1 A g ͓Eq. ͑2͔͒ strongly interact with other excited states derived by excitation of electrons from the system. In the energy interval from 4 to 7 eV, there are about seven states including two quintet states. The detailed results will be reported elsewhere.
E. Trimethylenemethane "TMM…
Three basis sets have been used in this section: ͑i͒ the DZP basis set;
96 ͑ii͒ a basis composed of the cc-pVTZ basis on the carbon and the cc-pVDZ on the hydrogen; and ͑iii͒ the full cc-pVTZ basis set. The SF-DFT/6-31G* method 92, 93 has been used to calculate equilibrium geometries. We find that ͑i͒ the ground state SF-DFT geometry is very close to the CCSD͑T͒ one and ͑ii͒ the relative structural changes between states are very close to those predicted by MCSCF.
TMM is an example of a non-Kekulé system: Even though it is fully conjugated, each of its Kekulé structures has at least two non--bonded atoms. The system of TMM is shown in Fig. 5 : four electrons are distributed over four molecular -type orbitals. Due to the exact degeneracy between the two eЈ orbitals at the D 3h structure, Hund rule predicts the ground state of the molecule to be a triplet 3 A 2 Ј state. This is confirmed by both the experimental and theoretical findings. [45] [46] [47] 70, 97, 98 The vertical excited states are summarized in Table VII (C 2v symmetry labels are used͒. The three lowest states are the diradical singlet states of Eqs. ͑1͒ and ͑2͒. However, excited states that derive from excitation of other electrons are also relatively low in energy. The first closed-shell singlet 1 A 1 ͓Eq. ͑1͔͒ and open-shell singlet 1 B 2 ͓Eq. ͑3͔͒ are degenerate at the D 3h geometry ͑because of the degeneracy of a 2 and 2b 1 orbitals͒. 99 The second closed-shell singlet 2 1 A 1 ͓Eq. ͑2͔͒ is followed by a pair of degenerate triplets, 3 A 1 and 3 B 2 , obtained by excitation of one electron from the doubly occupied 1b 1 orbital to the a 2 or 2b 1 degenerate orbitals. FIG . 5. The system of TMM and the electronic configurations of the three lowest states. C 2v labels are used at the ground state equilibrium geometry (D 3h ), where the 1a 2 and 2b 1 orbitals are two degenerate eЈ components. Two different distortions can lift the degeneracy between these orbitals ͑and the two lowest excited states, i.e., 1 A 1 and 1 B 2 ͒: one is a C 2v distortion, which leaves the molecule planar, whereas another involves a 90°rotation of one of the CH 2 groups. The former distortion stabilizes the 1a 2 orbital and the closed-shell 1 A 1 singlet state ͑shown on the left͒, whereas the latter favors the 2b 1 orbital and the open-shell 1 B 2 singlet state ͑shown on the right͒. Note that at the twisted C 2v geometry, the b 1 and b 2 labels interchange. a SF-DFT/6-31G* optimized geometries ͑see Fig. 6͒ . b cc-pVTZ basis on carbon and cc-pVDZ basis on hydrogen.
Finally, there is a quintet 5 B 2 state in which all orbitals are singly occupied.
The equilibrium structures for the four lowest states of TMM are summarized in Fig. 6 . 100 In accordance with the Jahn-Teller theorem, the degeneracy between the closedshell and open-shell singlets can be lifted in lower symmetry. The closed-shell singlet of ⌿ 1 s type is stabilized at the planar C 2v geometry, with one short C-C bond. The open-shell singlet of ⌿ 3 s type prefers an equilibrium structure with one long C-C bond and a 90°twisted methylene group. The real minimum of the open-shell singlet is a C s structure with a pyramidized methylene group ͑e.g., the dihedral angle equals 79.0°͒. However, the potential energy surface along the pyramidization coordinate is rather flat, i.e., the energy difference between the C 2v twisted and the equilibrium C s ͑79.0°pyra-midized͒ structures is only 0.001 eV ͑0.03 kcal/mol͒. Thus, for the sake of simplicity, we have used a twisted C 2v structure as the equilibrium geometry for the open-shell singlet 1 B 2 ͑at this geometry, this state should be labeled as 1 B 1 ͒. As mentioned in Ref. 45 , this state has not been observed in the experimental photoelectron spectrum, 70 because of unfavorable Franck-Condon factors, even though adiabatically this state is the lowest singlet state.
Table VIII summarizes the adiabatic excitation energies of the three low-lying singlet states calculated by the SF and MCSCF/MCQDPT2 methods ͑see Fig. 6 for equilibrium geometries͒. Two different active spaces and three basis sets ͑see above͒ have been used in the multiconfigurational calculations. The small (4ϫ4) active space includes four orbitals and four electrons. The larger (10ϫ10) active space includes six additional carbon-carbon and * orbitals and six additional electrons participating in the C-C bonding. Calculated at the SF-DFT/6-31G* level.
c cc-pVTZ basis on carbon and cc-pVDZ basis on hydrogen.
As seen from Table VIII, 
IV. CONCLUSIONS
The SF approach describes closed-and open-shell singlet and triplet states within a single reference formalism as spin-flipping, e.g., ␣→␤, excitations from a high-spin triplet (M s ϭ1) reference state for which both dynamical and nondynamical correlation effects are much smaller than for the corresponding singlet state. 28 -30 In this work, several SF models of increased complexity have been applied to calculate vertical and adiabatic energy separations between lowlying states of diradicals. Due to the single-reference nature of the high-spin triplet diradical states, the SF models yield systematically more accurate results than their traditional ͑non-SF͒ counterparts. Our results demonstrate that the SF approach extends the scope of applicability of singlereference methods from well-behaved systems ͑e.g., closedshell molecules around the equilibrium geometries͒ to situations plagued by electronic degeneracy, e.g., diradicals and bond-breaking.
For all the diradicals considered here, the SF variant of the EOM-OD model yields energy separations that are within less than 3 kcal/mol of the experimental or the highly accurate MR values. In most cases the errors are about 1 kcal/ mol. Drawing from the performance of single-reference methods for well-behaved molecules, we expect that a perturbative account of triple excitations will bring the corresponding SF-CC model into the chemical accuracy, i.e., Ͻ1 kcal/mol, range. The less computationally demanding SF-CIS͑D͒ model consistently yields results that are within 0.1-0.25 eV of the SF-OD ones. Moreover, SF-CIS͑D͒ can be used to extrapolate the large basis set results of the more computationally expensive SF-CC methods.
Regarding comparison with MR techniques, the following advantages of the SF approach are particularly attractive: ͑i͒ lower computational cost and scaling; 101 ͑ii͒ the multistate nature of the SF method, i.e., its ability to calculate several excited states at once, rather than in a state-by-state fashion; ͑iii͒ simpler formalism, e.g., the analytic gradient theory is rather straightforward for the SF models-in spin-orbital formulation, it is identical to the corresponding non SF theories; [102] [103] [104] [105] ͑iv͒ the ''black-box'' nature of the ͑single-reference͒ SF methods which do not involve active space and/or configurations selection. uniquely defined, and the corresponding CASSCF wave function is flexible enough to describe all the major interactions of the valence electrons, e.g., the polarization of electrons for the * ionic configurations, as in the V state of ethylene ͑Refs. 16 and 18͒, etc. Unfortunately, the computational cost, which grows factorially with molecular size, rapidly makes this approach unfeasible for systems of more than two or three heavy atoms. The most common approximation involves reduction of the active space guided by physical considerations, which are specific for each particular species or reaction. In addition to the certain arbitrariness of such an approach, the small active space can seriously affect the quality of the resulting wave function, even when dynamical correlation is included in MRCI or MRPT fashion. For example, a recent study of tetramethylene ͑Ref. 19͒ has demonstrated that the selection of the active space for the CASSCF wave function strongly influences the shape of the PES even at the CASPT2 level ͑the existence of some stationary points
